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Abstract 

We propose an alternative factorization for the simple harmonic oscillator hamiltonian which 
includes Mielnik's isospectral factorization as a particular case. This factorization is realized in 
two non-mutually adjoint operators whose inverse product, in the simplest case, lead to a new 
Sturm-Liouville eigenvalue equation which includes Schrodinger's equation for the oscillator and 
Hermite's equation as particular cases for limiting values of the factorization's parameter, and 
whose eigenfunctions allow us to define new generalized Hermite functions. 
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I. INTRODUCTION 



One of the most prominent areas of research in mathematical physics in the last 30 years 
has been that of supersymmetry (SUSY), based on the work of Witten in particle physics. [l| 
In non-relativistic quantum mechanics (QM), the work of Mielnikj2| has been the basis for 
the development of isospectral potentials for different quantum problems,!^ and also for 
higher supersymmetric developments. 4|] 

The best example to introduce SUSY QM is that of the simple harmonic oscillator (SHO), 
whose hamiltonian 

H = + -x^ (1) 

possess the eigenfunctions and eigenvalues given by 

= Cnllnix) e-^''/2 , En = n+^ , (2) 

where H„(a;) are the Hermite polynomials, satisfying Hermite's equation 

H"(x) - 2x R'^ix) + 2n H„(x) = . (3) 

Hermite's equation can be derived from the SHO Schrodinger's equation by acting the hamil- 
tonian ([T]) on the functions (j2]) and leaving the equation for the functions H„(x) alone. One 
can find in the literature generalizations of eq.(l3]), which define generalized Hermite poly- 
nomials Hm(M;t),[5] H„(x;7),y| and H^(a;),|7| or simply define the Hermite functions as 
hn{.x)=]ln{.x) e~^^/^, the quantum eigenfunctions. 

The hamiltonian ([T]) can be factorized using the anhilitation and creation operators 



1 



a 



(- + x\, a* = i=f-^ + x), (4) 



y/2 \dx / ' a/2 V 



such that a a* = H + ^, and a* a = H — ^. 

Mielnik proposed a different way to factorize the hamiltonian, by introducing new 
operators {2! 

U R tW h* = 



which, in order to satisfy the factorization bb* = H + ^, lead to a Riccati equation for the 
function f3{x) 

P' + 13^ = 1 + x\ (6) 
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The immediate solution P = x leads to the original anihilation/creation operators, while the 
general solution of the Riccati equation 

m = x+m = x+ ^^^lj^,,^^^^^ (7) 

leads to new hamiltonians (and potentials) defined hj b* b = if — |, 



(8) 



7 + Jq e-^'^l^dx' 

isospectral to the SHO potential, whose eigenfunctions are defined by 

V'n+l = h*1pn (9) 

for n > 0, and with the ground state defined by the equation 

6^0 = . (10) 

The new potentials and eigenfunctions depend on the SUSY parameter 7 G {yjlx /2, 00). 

In this article we would like to show that not all has been said about factorizing the 
hamiltonian ([T]), and that we can still find some hidden information through the factoriza- 
tion procedure. We shall propose an alternative factorization, which includes both Mielnik's 
factorization and the original factorization, in terms of anihilation/creation operators, as par- 
ticular cases, and which in its most general form would lead to a bi-parametric factorization 
of the hamiltonian. However, we shall only concentrate on a simple form of this factorization 
that leads to a new general equation for the SHO which includes its Schrodinger's equation 
and Hermite's equation as particular cases. 

II. ALTERNATIVE FACTORIZATION 



To begin with, let us introduce the couple of non-mutually adjoint operators 

and let us require again that they factorize the hamiltonian as BB* = H + ^. Then, the 
functions a and (3 have to satisfy the coupled equations 

a' + - /5 = , (12) 
(5' + a/32 = (i + 2;2)a. (13) 



These equations can be uncoupled by dividing the second one by a, multiplying the first 
one by P/a^, and substracting, to obtain 

Clearly, Mielnik's solution ([7]) is the general solution for this equation, introducing one 
parameter, 7. A second parameter, 5, will appear when we insert this solution into one of 
the equations (|T2|) or ( |T3l) to find the complete biparametric solution. When these parameters 
acquire the values that make a = 1 we shall recover Mielnik's factorization of the simple 
harmonic oscillator, just as when 7 00 in Mielnik's factorization we recover the original 
factorization 

Using Mielnik's solution ([7]) it is easy to calculate the general solution to eqs. fll2|13p . 
and to find the operators that factorize the SHO hamiltonian in terms of the product BB* . 
Then, we may consider carrying out the inverse product B*B to see where we are led to. 
Obviously, we shall not obtain a newer Hamiltonian, due to the factors and a in ( |TT|) . 
which may be the reason why this factorization was not paid attention to in the past. What's 
more, it is obvious that this operator product will be lengthy and most easily won't give any 
new insight to the problem. Therefore, we shall consider here only the most simple solution 
to eqs. (ll2lll3p to show that it leads to a new general equation for the SHO, lost in the trends 
of the SUSY factorization scheme. 

III. NEW GENERALIZED HERMITE EQUATION 

Let us now take the simplest solution to eq. ffTl]) . {3 = ax. Introducing this solution into 
eq.(fT2l). we get a Bernoulli equation for a{x) 

a' + xa^ — xa = . (15) 

This equation is easily integrated, giving a and /3 as 

a{x) = , ^ , , /3{x) = , ^ , . (16) 

To avoid singularities, we simply require that < 5 < 00. 

As we said before, the inverse operator product B*B will not give us a new Hamiltonian. 
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However, we can still introduce a second order operator defined by £ = B*B + 1/2, 

„2 ^ 



c 



1 (P 5xe 
+ 



d 1 

+ 



2dx^ 1 + (5e-^' dx 2 



(17) 



Also, defining the functions H^(x) by 



(18) 



we have that 



£H^+i = (^B*B + (5>„) = B* [BB* + ^ = (i?n + 1) H^+i ■ (19) 

Now, as in SUSY QM, we can define the missing function HQ(a;) by requiring that ml = 
EqUq, leading to the equation 



whose solution is 

= a^o ■ (20) 

In fact, since /3 = ax, eqs.(|l]) and flTT]) tell us that B* = aa*, and hence all (unnormalized) 
functions become H^(x) = a{x) ^/'„(x),?7, > 0. 

Owing to the Sturm-Liouville theory, j8l| the functions are found to be orthogonal, 
since multiplying eq. f|T9|) by the factor —2 ^1 + 6e^^^^ we get the eigenvalue equation 

CRiix)+EMx)Ki^) = 0, (21) 



where 



C={l + 5e-^')^-25xe-^'^ 
/ ax^ dx 



X 



+ 6e~ 



1 + (5e-^' 

is a new self-adjoint operator for the SHO, whose normalized eigenfunctions are 



1 



)n+l 



n\\/n 



_i 

e^"+6] " RJx) 



and where 



uj(x) = 2 l + 5e 



(22) 



(23) 



(24) 



is the appropriate weight function. Note that the eigenfunctions ( l23l) are not just the 
product of the Hermite polynomials and any other function, but a direct consequence of the 
factorization based on the operators B, B* (|TT|) . 




FIG. 1: The first four generalized Hermite functions H^(x) (arbitrary scale) for different values 
of the parameter 5. When 5 = we get the quantum eigenfunctions ij)n{x), and for increasing (5, 
the eigenfunctions begin to acquire the form of the Hermite polynomials, H„(x), modulated at 
X — )• iboo by the vanishing exponential tails e~^^/^. 

The operator £, the weight factor uj{x) and the eigenfunctions H^(x), all depend on the 
factorization parameter 5. In the case 5 = 0, we have that a{x) = 1, and B and B* become 
the original anihilation/creation operators dl]). Also, the eigenvalue equation (ET]) becomes 
Schrodinger's equation for the SHO, and H^(x) become the quantum eigenfunctions. 

On the other hand, in the limit 5 — t- oo, £, cj, and become 



and the eigenvalue equation (!2T!) becomes Hermite's differential equation. Therefore, we can 
call eq. fl2T]) a new generalized Hermite equation for the SHO, which includes Schrodinger's 
and Hermite's equations as particular cases for limiting values of the parameter 6, linked by 
a continuos parametric transformation from one to the other. This also allows us to call the 
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eigenfunctions H^(a:) new generalized Hermite functions. 

A plot of the first generalized Hermite functions is shown in Fig.(l). Notice the change in 
the functions behaviour as 5 goes from zero to infinity, showing the continuos passage from 
the quantum mechanics eigenfunctions to the Hermite polynomials. 



IV. RAISING AND LOWERING OPERATORS 



The corresponding raising and lowering operators, easily deduced from the 

action of a* and a over il)n{x). The non-mutually adjoint operators 

A I f d l + 25e-^' \ , . 

c* = aa*- = ^ \ — - + X (25) 

1 1 f d X \ 
c = aa — = — + 2" (26) 

become the creation/anihilation operators of the quantum mechanics problem as (5 — )■ 0, and 
the raising and lowering operators for the Hermite polynomials as 5 — t- oo. They satisfy the 
relations 

c*Ri = V^K+i , cRi = , (27) 

which are the quantum eigenfunctions creation/anihilation operations when 6 = 1, and 
become the raising/lowering operations for the Hermite polynomials in the limit 5 — )■ oo. 
They also satisfy that 

cc*Ri = a(^if + i^iH^ = (n + l)H^, 

c*cK = a{H-l^)-Ri = nK, 

and, therefore, 



21 a 



[c,c*] = l. (28) 

Finally, due to the relation a* = {l/a)B* and eg. ffT^ . c* and c correspond to the cre- 
ation/anihilation operators introduced by Mielnik[2(] as triple operator products. 
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V. CONCLUSION 



In this article we have introduced an alternative factorization for the SHO hamiltonian 
that leads to the new self adjoint equation fl2T]) . a parametric equation that becomes the 
SHO Schrodinger's equation in the limit 5 — )■ 0, and Hermite's equation in the limit 6 — )■ oo. 
We therefore call this equation the new generalized Hermite equation and the functions 
aiix) (123]) the new generalized Hermite functions. We have also shown that the raising 
and lowering operators fl25tl26p correspond to the appropriate operators in these limits. 
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